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Abstract
Given a polynomial endomorphism F of the n-dimensional affine space AnK
over a field K, we define a sequence of polynomial endomorphisms (Pk)k∈N of A
n
K
associated to F . We call F nice if there exists an integer m such that Pm = 0 for
some m. Then F is invertible and F−1 may be computed in terms of the endo-
morphisms Pk, k = 0, . . . ,m− 1. In this paper we study the class of nice polyno-
mial automorphisms and obtain that this class is large and includes triangulable
automorphisms and all linear cubic homogeneous polynomial automorphisms of
nilpotence index up to 3. We prove as well that the nicety property is invariant
under linear conjugation and determine that seven of the eight forms in Hubbers’
1
classification of cubic homogeneous automorphisms in dimension 4 are nice and
moreover the eighth one is a composition of nice maps.
1 Introduction
The Jacobian Conjecture originated in the question raised by Keller in [7] on the invert-
ibility of polynomial maps with Jacobian determinant equal to 1. The question is still
open in spite of the efforts of many mathematicians. We recall in the sequel the precise
statement of the Jacobian Conjecture and other results we shall use. We refer to [5] for
a detailed account of the research on the Jacobian Conjecture and related topics.
Let K be a field and K[X ] = K[X1, . . . , Xn] the polynomial ring in the variables
X1, . . . , Xn over K. A polynomial map is a map F = (F1, . . . , Fn) : K
n → Kn of the
form
(X1, . . . , Xn) 7→ (F1(X1, . . . , Xn), . . . , Fn(X1, . . . , Xn)),
where Fi ∈ K[X ], 1 ≤ i ≤ n. The polynomial map F is invertible if there exists a
polynomial map G = (G1, . . . , Gn) : K
n → Kn such that Xi = Gi(F1, . . . , Fn), 1 ≤ i ≤
n. We shall call F a Keller map if the Jacobian matrix
J =
(
∂Fi
∂Xj
)
1≤i≤n
1≤j≤n
has determinant equal to a nonzero constant. Clearly an invertible polynomial map F
is a Keller map.
Jacobian Conjecture. Let K be a field of characteristic zero. A Keller map F : Kn →
Kn is invertible.
In the sequel, K will always denote a field of characteristic 0. For F = (F1, . . . , Fn) ∈
K[X ]n, we define the degree of F as degF = max{degFi : 1 ≤ i ≤ n}. It is known that
if F is a polynomial automorphism, then deg F−1 ≤ (deg F )n−1 (see [2] or [8]).
The Jacobian conjecture for quadratic maps was proved by Wang in [9]. We state
now the reduction of the Jacobian conjecture to the case of maps of third degree (see
[2], [10], [3] and [4]).
Proposition 1. a) (Bass-Connell-Wright-Yagzhev) Given a Keller map F : Kn → Kn,
there exists a Keller map F˜ : KN → KN , N ≥ n of the form F˜ = Id+H, where H(X)
2
is a cubic homogeneous map and having the following property: if F˜ is invertible, then
F is invertible too.
b) (Druz˙kowski) The cubic part H may be chosen of the form(
(
N∑
j=1
a1jXj)
3, . . . , (
N∑
j=1
aNjXj)
3
)
and with the matrix A = (aij)1≤i≤N
1≤j≤N
satisfying A2 = 0.
We recall now the sufficient condition for the invertibility of a polynomial map we
gave in [1] Corollary 5.
Proposition 2. Given a polynomial map F : Kn → Kn, we define for i = 1, . . . , n the
following sequence of polynomials in K[X ],
P i0(X1, . . . , Xn) = Xi,
P i1(X1, . . . , Xn) = Fi −Xi,
and, assuming P ik−1 is defined,
P ik(X1, . . . , Xn) = P
i
k−1(F1, . . . , Fn)− P
i
k−1(X1, . . . , Xn).
If there exists an integer m such that P im = 0, for all i = 1, . . . , n, then F is invertible
and the inverse G of F is given by
Gi(Y1, Y2, . . . , Yn) =
m−1∑
l=0
(−1)lP il (Y1, Y2, . . . , Yn), 1 ≤ i ≤ n.
We shall say that the polynomial map F is nice if there exists an integer m such that
P im = 0, for all i = 1, . . . , n. The aim of this paper is to prove several properties of nice
polynomial automorphisms, namely that nicety is invariant under linear conjugation,
that all triangulable polynomial automorphisms are nice and that the inverse of a nice
polynomial automorphism is nice. We also prove that if f and F form a Gorni-Zampieri
pairing and F is nice, then f is nice and that all linear cubic polynomial maps of
nilpotence index ≤ 3 are nice.
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2 Triangulable polynomial automorphisms
Theorem 3. Let F : Kn → Kn be a polynomial map of the form
F1(X1, . . . , Xn) = X1 +H1(X1, . . . , Xn)
F2(X1, . . . , Xn) = X2 +H2(X1, . . . , Xn)
...
Fn(X1, . . . , Xn) = Xn +Hn(X1, . . . , Xn),
where Hi(X1, . . . , Xn) is a polynomial in X1, . . . , Xn of lower degree ≥ 2, 1 ≤ i ≤ n.
Let T ∈ GL(n,K) and F˜ := T−1 ◦ F ◦ T . If F is nice, then F˜ is nice.
Proof. We have clearly F˜ := T−1 ◦ F ◦ T = T−1 ◦ (I + H) ◦ T = I + H˜, where
H˜ = T−1 ◦ H ◦ T has lower degree ≥ 2. Let us consider the polynomial sequences P ik
and P˜ ik defined by
P i0(X1, . . . , Xn) = Xi,
P i1(X1, . . . , Xn) = Fi −Xi,
...
P ik(X1, . . . , Xn) = P
i
k−1(F1, . . . , Fn)− P
i
k−1(X1, . . . , Xn)
...
and
P˜ i0(X1, . . . , Xn) = Xi,
P˜ i1(X1, . . . , Xn) = F˜i −Xi,
...
P˜ ik(X1, . . . , Xn) = P˜
i
k−1(F˜1, . . . , F˜n)− P˜
i
k−1(X1, . . . , Xn)
...
and the polynomial maps Pk := (P
1
k , . . . , P
n
k ) and P˜k := (P˜
1
k , . . . , P˜
n
k ). We shall prove
by induction on k
P˜k = T
−1 ◦ Pk ◦ T, for all integer k ≥ 1.
Then, if Pm = 0 for some integer m, also P˜m = 0. For k = 1, we have P˜1 = H˜ =
T−1 ◦H ◦ T = T−1 ◦ P1 ◦ T. Let us assume P˜k = T
−1 ◦ Pk ◦ T . We have then
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P˜k+1 = P˜k ◦ F˜ − P˜k
= (T−1 ◦ Pk ◦ T ) ◦ (T
−1 ◦ F ◦ T )− T−1 ◦ Pk ◦ T
= T−1 ◦ Pk ◦ F ◦ T − T
−1 ◦ Pk ◦ T
= T−1 ◦ (Pk ◦ F − Pk) ◦ T
= T−1 ◦ Pk+1 ◦ T.
✷
Theorem 4. Let F be a triangular polynomial map in dimension n, i.e. a polynomial
map of the form 
F1(X1, . . . , Xn) = X1 +H1(X2, . . . , Xn)
F2(X1, . . . , Xn) = X2 +H2(X3, . . . , Xn)
...
Fn−1(X1, . . . , Xn) = Xn−1 +Hn−1(Xn)
Fn(X1, . . . , Xn) = Xn.
Then F is nice.
Proof. Let H ∈ K[X2, . . . , Xn] have degree d in X2 and define
P1(X2, . . . , Xn) = H,
Pk(X2, . . . , Xn) = Pk−1(F2, . . . , Fn)− Pk−1(X2, . . . , Xn).
Since the polynomials Hj, for j > 1, have degree 0 in X2, we obtain that the degree in
X2 of Pk is d−k+1, hence the degree in X2 of Pd+1 is 0. Taking H = H1, we obtain that
P 1d+1 is a polynomial in X3, . . . , Xn. If P
1
d+1 has degree d
′ in X3, taking H = P
1
d+1 and
the polynomial map (F2, . . . , Fn), we obtain that P
1
d+d′+1 is a polynomial in X4, . . . , Xn.
By iteration, we obtain P 1m = 0, for some m, hence F is nice. ✷
Theorems 3 and 4 together give the following corollary.
Corollary 5. A triangulable polynomial automorphism is nice.
Example 6. We consider the Nagata automorphism defined by
F1 = X1 − 2pX2 − p
2X3
F2 = X2 + pX3
F3 = X3
where p = X1X3+X
2
2 . It is known that the Nagata automorphism is not tame. However
it is nice. Indeed, by calculation, we obtain P 13 = 0, P
2
2 = 0.
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3 Products of nice automorphisms
Theorem 7. If F is a nice polynomial automorphism of Kn, then F−1 is nice.
Proof. Let F (X) be nice and G(Y ) be its inverse. Let the polynomials P ik be defined by
P i0(X1, . . . , Xn) = Xi,
P i1(X1, . . . , Xn) = Fi −Xi,
P ik(X1, . . . , Xn) = P
i
k−1(F1, . . . , Fn)− P
i
k−1(X1, . . . , Xn)
and assume P im = 0. Then by Proposition 2, we have
Xi =
m−1∑
l=0
(−1)lP il (F )
hence
Gi(Y ) =
m−1∑
l=0
(−1)lP il (Y ). (1)
Let now the polynomials Qik be defined by
Qi0(Y1, . . . , Yn) = Yi,
Qi1(Y1, . . . , Yn) = Gi − Yi,
Qik(Y1, . . . , Yn) = Q
i
k−1(G1, . . . , Gn)−Q
i
k−1(Y1, . . . , Yn).
We shall compute the polynomials Qik using (1). We have
Qi1(Y ) = Gi − Yi =
∑m−1
l=1 (−1)
lP il (Y )
Qi2(Y ) = Q
i
1(G)−Q
i
1(Y ) =
∑m−1
l=1 (−1)
l(P il (G)− P
i
l (Y ))
Now P ik(X) = P
i
k−1(F )− P
i
k−1(X) implies P
i
k(G) = P
i
k−1(Y )− P
i
k−1(G), therefore
Qi2(Y ) =
m−1∑
l=2
(−1)lP il (G)
and, by induction, we obtain
Qik(Y ) =
m−1∑
l=k
(−1)lP il (G
k−1),
where Gk−1 denotes composition of G with itself k − 1 times. We conclude then that
Qim(Y ) = 0. ✷
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Remark 8. The set of nice polynomial automorphisms is not a subgroup of the group of
polynomial automorphisms as can be shown by considering the following example. Let
F1 and F2 be the polynomial automorphisms of K
2 defined by X 7→ (X1 +X
3
2 , X2) and
X 7→ (X1, X2 +X
2
1 ) respectively. It is easy to check that F1 and F2 are nice. However
F := F1 ◦ F2 is not nice. We have F (X) = (X1 + (X
2
1 +X2)
3, X2 +X
2
1 ). Let Qk denote
the term of lower degree of P 1k . Taking into account that Qk+1 is the term of lower
degree of
∂Qk
∂X1
(X21 +X2)
3 +
∂Qk
∂X2
X21
and that, if Q is a homogeneous polynomial, the term of lower degree of
∂Q
∂X1
(X21 +X2)
3 +
∂Q
∂X2
X21 is
∂Q
∂X2
X21 if
∂Q
∂X2
6= 0
∂Q
∂X1
X32 if
∂Q
∂X2
= 0
we obtain the following recursive formula for Qk, which shows P
1
k 6= 0 for all k. Let
us write k = 4m + r, with r = 1, 2, 3, 4 and define µ(r) by µ(1) = 1, µ(2) = 3, µ(3) =
µ(4) = 6. Then
Qk = µ(r)6
m
m∏
j=0
(6 + 5(j − 1))X2r−2+5m1 X
4−r
2 .
Remark 9 (Hubbers’ classification). Hubbers [6] classified up to conjugation all cubic
homogeneous polynomial maps in dimension 4. He obtained eight conjugation classes.
We have checked that all but the last are nice automorphisms. Let us now consider the
eighth class in Hubbers classification. It is represented by

F1 = X1
F2 = X2 −X
3
1/3
F3 = X3 −X
2
1X2 − e3X1X
2
2 + g4X1X2X3 − k3X
3
2 +m4X
2
2X3 + g
2
4X
2
2X4
F4 = X4 −X
2
1X3 − e4X1X
2
2 − 2m4X1X2X3/g4 − g4X1X2X4 − k4X
3
2
−m24X
2
2X3/g
2
4 −m4X
2
2X4
.
We have F = G ◦H , where H and G defined by
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
H1 = X1
H2 = X2
H3 = F3
H4 = F4
and

G1 = X1
G2 = F2
G3 = X3
G4 = X4
are both nice.
Remark 10. It is known that all cubic homogeneous polynomial automorphisms in di-
mension ≤ 3 are triangulable (see [5], Proposition 7.1.1), hence they are nice. We obtain
then that the subset of nice cubic homogeneous polynomial automorphisms in dimension
≤ 4 generate the whole set of cubic homogeneous polynomial automorphisms.
Question 11. The above remark suggest the following question: Is every polynomial
automorphism a product of nice ones?
4 Gorni-Zampieri pairing
We shall now prove that if f and F form a Gorni-Zampieri pair (see [5] §6.4) and F is
nice then f is nice.
Let f = Kn → Kn be a cubic homogeneous map and F : KN → KN a cubic linear
map, with N > n. Let x = (x1, . . . , xn) ∈ K
n and X = (X1, . . . , XN) ∈ K
N .
For f = (f1, . . . , fn), where fi ∈ K[x] we define pt(x) = (p
1
t (x), . . . , p
n
t (x))
T in the
following way
pi0(x) = xi
pi1(x) = fi(x)− xi
pi2(x) = p
i
1(f(x))− p
i
1(x)
...
pit+1(x) = p
i
t(f(x))− p
i
t(x)
For F = (F1, . . . , FN), where Fi ∈ K[X ] we define Pt(X) = (P
1
t (X), . . . , P
n
t (X))
T in
the following way
P i0(X) = Xi
P i1(X) = Fi(X)−Xi
P i2(X) = P
i
1(F (x))− P
i
1(X)
...
P it+1(X) = P
i
t (F (X))− P
i
t (X)
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Lemma 12. Let f and F be as above. Assume that f and F are paired through the
matrices B ∈ Mn×N(K) and C ∈ MN×n(K). Then pt and Pt are paired through the
same matrices B and C, for every t ≥ 0.
Proof. Our main assumption is that F and f are paired, so in particular f(x) = BF (X),
where X = Cx. Note that since BC = In, then X = Cx implies x = BX .
The proof goes by induction on t. For t = 0 we have p0(x) = x = BX and P0(X) =
X , so p0(x) = BP0(X). Similarly for t = 1 we have
p1(x) = p0(f(x))− p0(x) = f(x)− x,
P1(X) = P0(F (X))− P0(X) = F (X)−X.
So
p1(x) = f(x)− x = BF (X)−BX = B(F (X)−X) = BP1(X).
Let us assume that for a given t we have
pt(x) = BPt(X) (2)
or equivalently
pt(BX) = BPt(X) ∀X ∈ K
N . (3)
We will prove that
pt+1(x)− BPt+1(X) = 0.
We have that
pt+1(x)− BPt+1(X) = pt(f(x))− pt(x)− [BPt(F (X))− BPt(X)] =
(2)
= pt(f(x))− BPt(F (X)) = pt(BF (X))− BPt(F (X)) =
(3) 0
✷
Corollary 13. Let f and F be as above. If f and F are paired, then if F is nice, f is
also nice.
Proof. If f and F are paired through the matrices B and C, Lemma 12 gives pt(x) =
BPt(X), for all t ≥ 0. Then if Pm = 0, for some integer m, we have pm = 0. ✷
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Example 14. In [1] Example 7, we proved that the polynomial automorphism f of K4
defined by 
f1 = x1 + px4
f2 = x2 − px3
f3 = x3 + x
3
4
f4 = x4
,
where p := x1x3 + x2x4, is not nice. We consider the polynomial automorphism F of
K16 defined by 
F1 = X1 + (L1 +X15 +X16)
3
F2 = X2 + (L1 −X15 −X16)
3
F3 = X3 + (L1 +X15 −X16)
3
F4 = X4 + (L1 −X15 +X16)
3
F5 = X5 + (L2 +X16)
3
F6 = X6 + (L2 −X16)
3
F7 = X7 + L
3
2
F8 = X8 + (L1 +X15)
3
F9 = X9 + (L1 −X15)
3
F10 = X10 + L
3
1
F11 = X11 + (L2 +X15 +X16)
3
F12 = X12 + (L2 −X15 −X16)
3
F13 = X13 + (L2 +X15 −X16)
3
F14 = X14 + (L2 −X15 +X16)
3
F15 = X15 +X
3
16
F16 = X16
where
L1 = (X1 +X2 −X3 −X4 + 4X5 + 4X6 − 8X7)/24
L2 = (−4X8 − 4X9 + 8X10 −X11 −X12 +X13 +X14)/24
which is paired with f through the matrices
B =
1
24

1 1 −1 −1 4 4 −8 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −4 −4 8 −1 −1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 24 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 24

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and
C =

0 0 0 0 0 0 −3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −6 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

T
.
Applying Corollary 13, we obtain that F is not nice. Let us note that the Jacobian
matrix of F − Id has nilpotence index equal to 5.
5 Linear cubic polynomial maps
We shall see now that all polynomial maps of the form F = X +H , where each com-
ponent of H is the cube of a linear form and the Jacobian matrix of H has nilpotence
index ≤ 3, are nice.
Theorem 15. Let F : Kn → Kn be a polynomial map of the form
F1(X1, . . . , Xn) = X1 +H1(X1, . . . , Xn)
F2(X1, . . . , Xn) = X2 +H2(X1, . . . , Xn)
...
Fn(X1, . . . , Xn) = Xn +Hn(X1, . . . , Xn),
where Hi(X1, . . . , Xn) = Li(X1, . . . , Xn)
3 and Li(X1, . . . , Xn) = ai1X1 + · · · + ainXn,
1 ≤ i ≤ n. Let JH denote the jacobian matrix of H := (H1, . . . , Hn).
1) If (JH)2 = 0, then F is nice. Moreover F−1 = X −H.
2) If (JH)3 = 0, then F is nice. Moreover F−1 has degree at most 9.
Proof. 1) Since H is homogeneous, (JH)2 = 0 implies (JH)H = 0. We have then∑n
j=1
∂Hi
∂Xj
Hj = 0, 1 ≤ i ≤ n. We shall prove∑
1≤j1,...,jk≤n
∂kHi
∂Xj1 . . . ∂Xjk
Hj1 . . .Hjk = 0, 1 ≤ i ≤ n, (4)
for all k ≥ 1, by induction on k. For k = 1, it is true by hypothesis. Let us assume that
it is true for k. By applying ∂/∂Xj to (4), we obtain
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∑
1≤j1,...,jk≤n
(
∂k+1Hi
∂Xj1 . . . ∂Xjk∂Xj
Hj1 . . .Hjk +
k∑
l=1
∂kHi
∂Xj1 . . . ∂Xjk
Hj1 . . .
∂Hjl
∂Xj
. . .Hjk) = 0.
Multiplying by Hj, summing from j = 1 to n and taking into account the case k = 1
with i = j1, . . . , jk, we obtain (4) for k+1. Lemma 6 in [1] gives then P
i
2 = 0, 1 ≤ i ≤ n,
hence F is nice and F−1 = X −H .
2) We consider, for i = 1, . . . , n,
P i0(X) := Xi
P i1(X) := Fi −Xi = Hi
P i2(X) := Hi(F )−Hi(X)
P i3(X) := P
i
2(F )− P
i
2(X)
P i4(X) := P
i
3(F )− P
i
3(X)
P i5(X) := P
i
4(F )− P
i
4(X).
Our aim is to prove P i5 = 0, ∀i = 1, . . . , n, and deg(P
i
k) ≤ 9, ∀i = 1, . . . , n, k = 0, . . . , 4.
Applying [1] Corollary 5, this implies that the map F is invertible and deg F−1 ≤ 9.
Since (JH)3 = 0, we have
n∑
j,k=1
∂Hi
∂Xj
∂Hj
∂Xk
∂Hk
∂Xl
= 0, ∀ i, l = 1, . . . , n.
i.e.
n∑
j,k=1
(3L2i aij)(3L
2
jajk)(3L
2
kakl) = 27L
2
i (
n∑
j,k=1
aijL
2
jajkL
2
kakl) = 0, ∀ i, l = 1, . . . , n.
which implies
n∑
j,k=1
aijajkaklL
2
jL
2
k = 0, ∀ i, l = 1, . . . , n, (5)
since Li = 0 implies aij = 0, for all j, hence (5). Applying
∂
∂Xm
, we obtain
n∑
j,k=1
aijajkakl(ajmLjL
2
k + akmL
2
jLk) = 0, ∀ i, l,m = 1, . . . , n. (6)
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Further, from (5), we obtain
n∑
j,k=1
aijajkL
2
jL
3
k = 0, ∀ i = 1, . . . , n (7)
and, from (6),
n∑
j,k=1
aijajk(ajmLjL
3
k + akmL
2
jL
2
k) = 0, ∀ i,m = 1, . . . , n.
Using (5) again, we have
n∑
j,k=1
aijajkajmLjL
3
k = 0, ∀ i,m = 1, . . . , n. (8)
Applying ∂/∂Xp to (8), we obtain
n∑
j,k=1
aijajkajm(ajpL
3
k + 3akpLjL
2
k) = 0
i.e.
n∑
j,k=1
aijajkajmajpL
3
k = −3
n∑
j,k=1
aijajkajmakpLjL
2
k (9)
Computing P i2, P
i
3, P
i
4 and P
i
5 with the formulas given in the proof of Lemma 6 in [1]
and taking into account equalities (7), (8) and (9), we obtain
P i2 = 3L
2
i
∑n
j=1 aijL
3
j + 3Li
∑
1≤j,k≤n aijaikL
3
jL
3
k +
∑
1≤j,k,l≤n aijaikailL
3
jL
3
kL
3
l
P i3 = 6Li
∑n
j,k=1 aijaikL
3
jL
3
k +
∑n
j,k,l=1 9aijaikailL
3
jL
3
kL
3
l
P i4 =
∑n
j,k,l=1 6aijaikailL
3
jL
3
kL
3
l
P i5 = 0.
✷
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